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Trees Introduction

Definition
A tree T is a connected graph that has no cycles.

Example:
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Trees Introduction

Application

Many information structures of computer science are based on trees.
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Trees Introduction

Definition
In an undirected tree, a leaf is a vertex of degree 1.

Definition
An acyclic graph is called a forest.

Example:

Proposition

A forest G on n vertices has n − c(G) edges, where c(G) is the
number of components of G.(True for any graph)
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Trees Summary of basic properties

Proposition

For a graph G = (V ,E) of order n = |V |, the following are equivalent

1 G is acyclic and has n − 1 edges.

2 G is connected and has n − 1 edges.

3 G is connected and acyclic.

4 ∀u, v ∈ V there is one and only one path from u to v.

5 G is acyclic and adding an edge creates one and only one cycle.

6 G is connected and removing an arbitrary edge disconnects it.
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Trees Rooted trees

Definition
A tree is called a rooted tree if one vertex has been designated the
root, in which case the edges have a natural orientation, towards or
away from the root.

Example:
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Trees Rooted trees

An application

A rooted trees can be used to phrase sentences.
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Trees Some terminologies

1 In a rooted tree, the depth or level of a vertex v is its distance from
the root.

2 The height of a rooted tree is the length of a longest path from the
root.

3 If vertex v immediately precedes vertex w on the path from the
root to w , then v is parent of w and w is child of v .

4 Vertices having the same parent are called siblings.

5 A leaf in a rooted tree is any vertex having no children.
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Trees Some terminologies

Example:
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Trees Definitions

Definition
An ordered tree is a rooted tree in which the children of each vertex
are assigned a fixed ordering.

Definition
An m-ary tree (m ≥ 2) is a rooted tree in which every vertex has m or
fewer children

Definition
A complete m-ary tree is an m-ary tree in which every internal vertex
has exactly m children and all leaves have the same depth.
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Trees Definitions

Definition
The eccentricity ε(u) = maxv∈V d(u, v) of a node is the maximum
distance to any node v ∈ V .

Proposition

Let T be a tree and let T ′ be the tree obtained by removing all its leafs,
then ε(T ′) = ε(T )− 1 for all nodes of T ′.

Proposition
The center of a tree is a single node or a pair of adjacent nodes.

 

Proof
By induction and using the previous proposition. Show that the center
does not change.
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Trees Counting trees

How many different (labeled) trees are there with n nodes? The
following table gives the count for small n.

 

The following theorem of Cayley gives the exact formula.

Proposition

The number of distinct labeled trees of order n equals nn−2.
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Trees Spanning trees

Definition
A spanning tree of a connected graph G is a subgraph of G that
contains every vertex of G and is a tree.

Definition
A spanning forest of a graph G is a subgraph of G consisting of a
spanning tree for each component of G.

Theorem
Every connected graph contains a spanning tree.

Proof
Follows...
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