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Outline

@ Derivative
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Derivative

@ Differentiation allows us to find rates of change.

@ For example, it allows us to find the rate of change of velocity with
respect to time (which is acceleration).

@ It also allows us to find the rate of change of x with respect to y,
which on a graph of y against x is the gradient of the curve(The
slope of the tangent line is equal to the derivative of the function at
the marked point).
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Derivative

@ There are a number of simple rules which can be used to allow us
to differentiate many functions easily.

@ If y = some function of x (in other words if y is equal to an
expression containing numbers and x’s), then the derivative of y
(with respect to x) is written j—}; , pronounced "dee y by dee x”.

@ This is also known as ’Leibniz Notation’.
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Derivative

There are many ways a question can ask you to differentiate:

@ Differentiate the function...

@ Find f'(x)

@ Find %

@ Calculate the rate of change of...
@ Find the derivative of...

@ Calculate the gradient of the tangent to the curve
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Outline

e Derivative as a function
@ Other notations
@ Higher derivatives
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Derivative as a function

We considered the derivative of a function f at a fixed number
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Derivative as a function

We considered the derivative of a function f at a fixed number

/(@) = im f(a+ h) — f(a)
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Derivative as a function

We considered the derivative of a function f at a fixed number

/(@) = im f(a+ h) — f(a)

Here we change our point of view and let the number a vary. If we
replace a in equation by a variable x, we obtain
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Derivative as a function

We considered the derivative of a function f at a fixed number

f(a+ h) — f(a)

f'(a) = li 1
(a) = lim (1)
Here we change our point of view and let the number a vary. If we
replace a in equation by a variable x, we obtain
F(x) = fim (XM = F(X) @)
h—0
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Derivative as a function

@ Given any number x for which this limit exists, we assign to x the
number f'(x).
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Derivative as a function

@ Given any number x for which this limit exists, we assign to x the
number f'(x).

@ So we can regard f' as a new function, called the derivative of f
and defined by equation (2).
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Derivative as a function

@ Given any number x for which this limit exists, we assign to x the
number f'(x).

@ So we can regard f' as a new function, called the derivative of f
and defined by equation (2).

@ We know that the value of f’ at x, can be interpreted geometrically
as the slope of the tangent line to the graph of f at the point

(x, 1(x))-
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Derivative as a function

@ Given any number x for which this limit exists, we assign to x the
number f'(x).

@ So we can regard f' as a new function, called the derivative of f
and defined by equation (2).

@ We know that the value of f’ at x, can be interpreted geometrically
as the slope of the tangent line to the graph of f at the point

(x, 1(x))-

@ The function f' is called the derivative of f because it has been
derived from f by the limiting operation in equation (2).
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Derivative as a function

@ Given any number x for which this limit exists, we assign to x the
number f'(x).

@ So we can regard f' as a new function, called the derivative of f
and defined by equation (2).

@ We know that the value of f’ at x, can be interpreted geometrically
as the slope of the tangent line to the graph of f at the point

(x, 1(x))-

@ The function f' is called the derivative of f because it has been
derived from f by the limiting operation in equation (2).

@ The domain of f' is the set {x|f'(x) exists} and may be smaller
than the domain of f.
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Derivative as a function
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Derivative as a function

Sketch the graph of the derivative f'.
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Derivative as a function

@ Tangents at A, B and C are horizontal, so the derivative is 0 there,
and the graph of f’ crosses the x-axis at the points A, B’ and C'..
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Derivative as a function

@ Tangents at A, B and C are horizontal, so the derivative is 0 there,
and the graph of f’ crosses the x-axis at the points A, B’ and C'..

@ Between A and B the tangents have positive slope, so f'(x) is
positive there.
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Derivative as a function

@ Tangents at A, B and C are horizontal, so the derivative is 0 there,
and the graph of f’ crosses the x-axis at the points A, B’ and C'..

@ Between A and B the tangents have positive slope, so f'(x) is
positive there.

@ But between B and C the tangents have negative slope, so f'(x) is
negative there.
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Derivative as a function
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Derivative as a function Other notations
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Derivative as a function Other notations

If we use the traditional notation y = f(x) to indicate that the
independent variable is x and the dependent variable is y, then some
common alternative notations for the derivative are as follows:
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Derivative as a function Other notations

If we use the traditional notation y = f(x) to indicate that the
independent variable is x and the dependent variable is y, then some
common alternative notations for the derivative are as follows:

, _dy df d

fix)=y = v af(x) = Df(x) = Dyf(x)
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Derivative as a function Other notations

If we use the traditional notation y = f(x) to indicate that the
independent variable is x and the dependent variable is y, then some
common alternative notations for the derivative are as follows:
dy df d

/ = g _— _——= — = =

fiix)y=y' = " dx ~ dx f(x) = Df(x) = Dxf(x)
The symbols D and % are called differentiable operators because they
indicate the operation of differentiation, which is the process of
calculating a derivative.
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Derivative as a function Higher derivatives

Second derivative
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Derivative as a function Higher derivatives

Second derivative

If f is a differentiable function, then its derivative f' is also a function, so
f' may have a derivative of its own, denoted by (')’ = f” . This new
function f”is called the second derivative of because it is the
derivative of the derivative of f . We write the second derivative of
y =f(x) as

d dy, d?

axlax) = a2

Dr. G.H.J. Lanel MA1302 Engineering Mathematics | Lecture 1-Differentiation 14/66



Derivative as a function Higher derivatives
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Derivative as a function Higher derivatives

Example:

If f(x) = x3 — x, find an interpret ”(x).
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Derivative as a function Higher derivatives

Example:
If f(x) = x3 — x, find an interpret ”(x).

Solution:
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Derivative as a function Higher derivatives

Example:
If f(x) = x3 — x, find an interpret ”(x).
Solution:

first derivative isf’'(x) = 3x2 — 1. So the second derivative is;

/ o . 2 1 a2
£(x) = ('Y (x) = limp_s0 f(ngf(x) — limp_g [3%(x+h) h1] -1 _
3xP+6xh3HP —1-3x+1 6x:3h _ g

A £3h _ gy

=limp0

limp 0

Dr. G.H.J. Lanel MA1302 Engineering Mathematics | Lecture 1-Differentiation 15/66



Derivative as a function Higher derivatives

Third derivative
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Derivative as a function Higher derivatives

Third derivative

Third derivative is the derivative of the second derivative: " = (f")'.
So ”’(x) can be interpreted as the slope of the curve y = f”’(x) or as
the rate of change of f”(x) . If y = f(x), then alternative notations for
the third derivative are,

d d?y. d°%
"no__ g _ 4 /vryy_vry
yr =10 = dx(dx2) dx3

The process can be continued. The fourth derivative " is usually
denoted by f(*) . In general, the nth derivative of is denoted by (" and
is obtained from f by differentiating n times. If y = f(x), we write

a"(y)
y(n) = f(n)(X) = Tdxn
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Derivative as a function Higher derivatives
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Derivative as a function Higher derivatives

Example:
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Derivative as a function Higher derivatives

Example:

If f(x) = x® — x, find f'(x) and f(*)(x).
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Outline

e Differentiation formulas
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Differentiation formulas

@ Derivative of a constant function is zero

dc

a_o

@ Constant multiple rule

def(x) Cdf(x)

dx dx
@ Power rule 5

dx

kR an—1

dx
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Differentiation formulas

Example : Differentiate y = (4x — 3)°.

Basic standard formis y = x5, % =5x*

Here , (4x — 3) replaces the single x.

Hence & = 5(4x — 3)* X the diff. of the function (4x — 3)
= 5(4x — 3)* X4 = 20(4x — 3)*.

Therefore & = 20(4x — 3)*
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Differentiation formulas

Exercise 1 : Differentiate

Q f(x)=2x%—-4x2+5x -3

Q g(x) = &N (Ajs a constant)
Qy—xi—ix7

Q y=(x+x1)7*

Dr. G.H.J. Lanel MA1302 Engineering Mathematics | Lecture 1-Differentiation 21/66



Differentiation formulas

@ Sum rule
(f+9) =f+g
@ Difference rule
(f_g), _ fl _g/
@ Productrule (f.9) =f.g +fg

/ /
© Quotient rule (£)" = g'fg#

@ Chain rule

Y = Pdu \where y = f(u) and u = g(x)
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Differentiation formulas

B Exponential functions

0 92 — 2X(Ina)

deX _ ox
o o =¢

B Logarithmic functions
dlog,x 1

dx = x(Ina)
dinjx| _ 1

dx T x
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Differentiation formulas

Example : Differentiate y = 3~

y = eS—x
dy 3—Xx 3—Xx
-7 = 1) = —
dx e (=1) °

Example : Differentiate y = logy(2x — 1).

o1,
dx (2x —1)In10
B 2
(2x —1)In10
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Differentiation formulas

Exercise 2 :Differentiate

Q f(x) = (x® +3x)&

_ 2x+1
2] y= x2—3x+5

Q g(x)= ( +xe)(1 — )"
Qz="Y_ + -~ Where k is a constant.

w

Qy=0+6e)(x+¢e)
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Differentiation formulas

Exercise 3 : Differentiate
Q@ () =Inj + iy
Q y = logz(xe¥)
© G(y) =In|cos(Inx)|

Q y=Inlnins
| 3
0 Fv)= iy
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Differentiation formulas

B Trigonometric functions.

dsinx __
o ax = Ccos X
@ deosx — _ gipx
dx
dtanx __ 2
o “dx  — sec X
desex
(] Tix = csc X cot X
dsecx __
(] “dx sec Xtan X
dcotx __ 2
o “ax csce XtanXx
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Differentiation formulas

B Inverse trigonometric functions

o dsig;‘ X _ \/117)(2

° dco;);1 X _ _ 117)(2
° dta(r;):1 X _ 1—:7

(*] dcs§;1 X _ _)(\/)1(2_1
° dseg);1 X _ . )1(2_1
o deotx E
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Differentiation formulas

B Inverse rule

/ 1
—1(x)1" _
R I (E0)
B Parametric differentiation
d
lix = h(t) and y=g(t) then %
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Differentiation formulas

Example : Differentiate y = sin3x

X+1
_ sin3x
Yoo X
dy  3(x+1)cos3x —sin3x.1
dx (x+1)2
Example : Differentiate y = ';12);
dy el —Inx.2e*
dx eix
e (1 —2Inx)
- e4X
|
X 2Inx
- e2X

Dr. G.H.J. Lanel MA1302 Engineering Mathematics | Lecture 1-Differentiation 30/66



Differentiation formulas

Exercise 4: Differentiate

@ f(x) =sinxcosx

Q y=cosf(1 —sinﬁ)f1
@ g(0) = €’(tan6 —0)
Q y=xsinx

Q y=telcsct
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Differentiation formulas

Exercise 5: Differentiate

o y = 25in7rx

Q@ f(x) =sinsinsinx
Q@y=vi+/1+x
0 g() —cos (1225 )

@ g2
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Differentiation formulas

Exercise 6 :

@ Find h'(r) if h(r) = In (7r3)
@ Find f'(2) if f(t) = e't®
@ Find g(1%)(x) if g(x) = sin2x
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Outline

e The mean value theorem
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The mean value theorem

Theorem
The Mean Value Theorem
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The mean value theorem

Theorem
The Mean Value Theorem

@ f is continuous on the closed interval [a,b].
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The mean value theorem

Theorem
The Mean Value Theorem

@ f is continuous on the closed interval [a,b].

© f is differentiable on the open interval (a,b).
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The mean value theorem

Theorem
The Mean Value Theorem

@ f is continuous on the closed interval [a,b].

© f is differentiable on the open interval (a,b).
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The mean value theorem

Theorem
The Mean Value Theorem

@ f is continuous on the closed interval [a,b].

© f is differentiable on the open interval (a,b).

Then there is a number ¢ in (a,b) such that,
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The mean value theorem

Theorem
The Mean Value Theorem
@ f is continuous on the closed interval [a,b].

© f is differentiable on the open interval (a,b).

Then there is a number ¢ in (a,b) such that,
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The mean value theorem

Theorem
The Mean Value Theorem

@ f is continuous on the closed interval [a,b].

© f is differentiable on the open interval (a,b).
Then there is a number ¢ in (a,b) such that,

or, equivalently,
f(b) — f(a) = f'(c) (b— a)
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The mean value theorem
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The mean value theorem
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The mean value theorem

To illustrate the Mean Value Theorem with a specific function, let’s
consider
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The mean value theorem

To illustrate the Mean Value Theorem with a specific function, let’s
consider
fx)=x3-x,a=0,b=2.
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The mean value theorem

To illustrate the Mean Value Theorem with a specific function, let’s
consider

fx)=x3-x,a=0,b=2.

Since f is a polynomial, it is continuous and differentiable for all x, so it
is certainly continuous on [0, 2] and differentiable on (0, 2).
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The mean value theorem

To illustrate the Mean Value Theorem with a specific function, let’s
consider

fx)=x3-x,a=0,b=2.

Since f is a polynomial, it is continuous and differentiable for all x, so it
is certainly continuous on [0, 2] and differentiable on (0, 2).

Therefore, by the MVT, there is a number ¢ € (0,2) such that
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The mean value theorem

To illustrate the Mean Value Theorem with a specific function, let’s
consider
fx)=x3-x,a=0,b=2.

Since f is a polynomial, it is continuous and differentiable for all x, so it
is certainly continuous on [0, 2] and differentiable on (0, 2).

Therefore, by the MVT, there is a number ¢ € (0,2) such that

f(2) — 1(0) = f'(c) (2 - 0)
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The mean value theorem

Now f(2) = 6,(0) = 0, and f'(x) = 3x2 — 1, so this equation becomes

6:(3c2—1)2
=6c°—2
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The mean value theorem

Now f(2) = 6,(0) = 0, and f'(x) = 3x2 — 1, so this equation becomes

6:(3c2—1)2
=6c°—2

which gives ¢= = 3, thatis ¢ = iﬁ.
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The mean value theorem

Now f(2) = 6,(0) = 0, and f'(x) = 3x2 — 1, so this equation becomes

6= (3c2—1)2

=6c°—2
. . 2 4 . . L
which gives ¢= = 3, thatis ¢ = iﬁ.

Butc € (0,2),soc=

Sl
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The mean value theorem

Following figure illustrates the calculation:
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The mean value theorem

Following figure illustrates the calculation:

VA

)

y=x"— X

The tangent line at this value of c is parallel to the secant line OB.
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The mean value theorem

Theorem
If f'(x) =0 for all x in an interval (a, b), then f is constant on (a, b).
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The mean value theorem

Theorem
If f'(x) =0 for all x in an interval (a, b), then f is constant on (a, b).

Proof:
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The mean value theorem

Theorem
If f'(x) =0 for all x in an interval (a, b), then f is constant on (a, b).

Proof:

Let x; and x> be any two numbers in (a, b) with x; < Xo.
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The mean value theorem

Theorem
If f'(x) =0 for all x in an interval (a, b), then f is constant on (a, b).

Proof:

Let x; and x> be any two numbers in (a, b) with x; < Xo.

Since f is differentiable on (&, b), it must be differentiable on (x1, x2)
and continuous on [x1, X2].
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The mean value theorem

Theorem
If f'(x) =0 for all x in an interval (a, b), then f is constant on (a, b).

Proof:

Let x; and x> be any two numbers in (a, b) with x; < Xo.

Since f is differentiable on (&, b), it must be differentiable on (x1, x2)
and continuous on [x1, X2].

By applying the Mean Value Theorem to f on the interval [xq, x2], we
get a number ¢ such that x; < ¢ < x» and
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The mean value theorem

Theorem
If f'(x) =0 for all x in an interval (a, b), then f is constant on (a, b).

Proof:

Let x; and x> be any two numbers in (a, b) with x; < Xo.

Since f is differentiable on (&, b), it must be differentiable on (x1, x2)
and continuous on [x1, X2].

By applying the Mean Value Theorem to f on the interval [xq, x2], we
get a number ¢ such that x; < ¢ < x» and

f(x2) — f(x1) = f'(c) (X2 — xy)
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Proof Contd...

Since f'(x) = 0 for all x, we have f'(c) = 0, and so above equation
becomes
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Proof Contd...

Since f'(x) = 0 for all x, we have f'(c) = 0, and so above equation
becomes

f(x2) — f(x1) =0 or f(x2) = f(x1)
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Proof Contd...

Since f'(x) = 0 for all x, we have f'(c) = 0, and so above equation
becomes

f(x2) — f(x1) =0 or f(x2) = f(x1)

Therefore, f has the same value at any two numbers x; and x» in
(a, b). This means that f is constant on (a, b).

Dr. G.H.J. Lanel MA1302 Engineering Mathematics | Lecture 1-Differentiation 41/66



Outline

© LHospital's rule
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L'Hospital’s rule

@ Indeterminate form of type 0/0
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L'Hospital’s rule

@ Indeterminate form of type 0/0

Limit of the form
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L'Hospital’s rule

@ Indeterminate form of type 0/0

Limit of the form
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L'Hospital’s rule

@ Indeterminate form of type 0/0

Limit of the form

in which f(x) — Oand g(x) — 0as x — a
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L'Hospital’s rule

@ Indeterminate form of type 0/0

Limit of the form

in which f(x) — Oand g(x) — 0as x — a

is called an indeterminate form of type 0/0
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L'Hospital’s rule

@ L’Hopital’s Rule for form 0/0
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L'Hospital’s rule

@ L’Hopital’s Rule for form 0/0

Suppose that f and g are differentiable functions on an open interval
containing x = a, except possible at x = a, and that
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L'Hospital’s rule

@ L’Hopital’s Rule for form 0/0

Suppose that f and g are differentiable functions on an open interval
containing x = a, except possible at x = a, and that

lim f(x) =0 and ii_}mag(x) =0

X—a
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L'Hospital’s rule

@ L’Hopital’s Rule for form 0/0

Suppose that f and g are differentiable functions on an open interval
containing x = a, except possible at x = a, and that

lim f(x) =0 and ii_}mag(x) =

X—a

If limy_s4 { ((X))] exists, or if this limit is +0co or — oo then
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L'Hospital’s rule

@ L’Hopital’s Rule for form 0/0

Suppose that f and g are differentiable functions on an open interval
containing x = a, except possible at x = a, and that

lim f(x) =0 and ii_}mag(x) =

X—a

If limy_s4 { ((X))] exists, or if this limit is +0co or — oo then

fim 1) _ iy )

x—a g(x) o x—n>13 g’(x)
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L'Hospital’s rule

@ L’Hopital’s Rule for form 0/0

Suppose that f and g are differentiable functions on an open interval
containing x = a, except possible at x = a, and that

lim f(x) =0 and ii_}mag(x) =

X—a

If limy_s4 { ((X))] exists, or if this limit is +0co or — oo then

fim 1) _ iy )

x—a g(x) o x—n>13 g’(x)

Moreover this statement is also true in the case of limits as
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L'Hospital’s rule

@ L’Hopital’s Rule for form 0/0

Suppose that f and g are differentiable functions on an open interval
containing x = a, except possible at x = a, and that

lim f(x) =0 and ii_}mag(x) =

X—a

If limy_s4 { ((X))] exists, or if this limit is +0co or — oo then

fim 1) _ iy )

xSag(x)  xag(x)
Moreover this statement is also true in the case of limits as

X—a,X—a",Xx — —ooorasx — +oo
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L'Hospital’s rule

E.g. Find the limit
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L'Hospital’s rule

E.g. Find the limit
im X4
Xx—=2 X — 2

Using LHépital’'s rule, and check the result by factoring.
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L'Hospital’s rule

E.g. Find the limit
im X4
Xx—=2 X — 2

Using LHépital’'s rule, and check the result by factoring.
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L'Hospital’s rule

E.g. Find the limit
im X4
Xx—=2 X — 2

Using LHépital’'s rule, and check the result by factoring.

X34 22_4
i x—2 =2 O0/0fm
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L'Hospital’s rule

E.g. Find the limit

. x2—-4
lim
x—2 X — 2

Using LHépital’'s rule, and check the result by factoring.
. x2—4 224
i x—2 =2 O0/0fm
Using L'Hépital’s rule
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L'Hospital’s rule

E.g. Find the limit
lim x* -4
x—2 X — 2

Using LHépital’'s rule, and check the result by factoring.

X2_4 22_4
i x—2 =2 O0/0fm

Using L'Hépital’s rule

I|mX274 i 7;’,(()( _4)
x—2 X — 2 X—2 5/()( 2)
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L'Hospital’s rule

E.g. Find the limit
im X4
Xx—=2 X — 2

Using LHépital’'s rule, and check the result by factoring.

X34 22_4
i x—2 =2 O0/0fm

Using L'Hépital’s rule

o484
i = R
x=2 X =2 x=2 I (x-2)
= Iimz—X:4
x—2 1
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L'Hospital’s rule

By computation
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L'Hospital’s rule

By computation

x2—4  (x-2)(x+2)
x=2 X—2 x=2 (x—2)
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L'Hospital’s rule

By computation

. x2—4 (x—2)(x+2)
im — = lm —————=
x=2 X—2 x=2 (x—2)
=lim(x+2)=4
X—2
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L'Hospital’s rule

By computation

. x2—4 (x—2)(x+2)
lim = 1m ——
x—2 X—2 x=2 (x—2)
=lim(x+2)=4
X—2

E.g. In each part confirm that the limit is an indeterminate form of type
0/0 and evaluate it using LHOPITALS rule.
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L'Hospital’s rule

By computation

. x2—4 (x—2)(x+2)
lim = 1m ——
x—2 X—2 x=2 (x—2)
=lim(x+2)=4
X—2

E.g. In each part confirm that the limit is an indeterminate form of type
0/0 and evaluate it using LHOPITALS rule.

: sin2x
o | | mX*)O X
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L'Hospital’s rule

By computation

. x2—4 (x—2)(x+2)
lim = lim ————————=
x—2 X—2 x=2 (x—2)
=lim(x+2)=4
X—2

E.g. In each part confirm that the limit is an indeterminate form of type
0/0 and evaluate it using LHOPITALS rule.

: sin2x
o | | mX*)O X

: 1—sinx
o l'mXﬁ% cosx
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L'Hospital’s rule

By computation

. x2—4 (x—2)(x+2)
lim = lim ————————=
x—2 X—2 x=2 (x—2)
=lim(x+2)=4
X—2

E.g. In each part confirm that the limit is an indeterminate form of type
0/0 and evaluate it using LHOPITALS rule.

: sin2x
o | | mX*)O X

: 1—sinx
o l'mXﬁ% cosx

. eX_1
Q limy_o 3
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L'Hospital’s rule

By computation

. x2—4 (x—2)(x+2)
lim = lim ————————=
x=2 X—2 x=2 (x—2)

=lim(x+2)=4
X—2

E.g. In each part confirm that the limit is an indeterminate form of type
0/0 and evaluate it using LHOPITALS rule.

: sin2x
o | | mX*)O X

: 1—sinx
o l'mXﬁ% cosx
1

o IIman

0 ||mx_>07 tan2x
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L'Hospital’s rule

By computation

. x2—4 (x—2)(x+2)
lim = lim ————————=
x=2 X—2 x=2 (x—2)

=lim(x+2)=4
X—2

E.g. In each part confirm that the limit is an indeterminate form of type
0/0 and evaluate it using LHOPITALS rule.

: sin2x
o | | mX*)O X

: 1—sinx
o l'mXﬁ% cosx

o IIman 1
0 ||mx_>07 tan2x
e hm)(_}()ﬂ
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By computation
i X2 -4 . (x-2)(x+2)

=1
o2 X2  x0p (x —2)

=lim(x+2)=4
X—2

E.g. In each part confirm that the limit is an indeterminate form of type
0/0 and evaluate it using LHOPITALS rule.

: sin2x
o | | mX*)O X

: 1—sinx
o l'mXﬁ% cosx
o IIman 1
0 ||mx_>07 tan2x

o ||mx_>010ﬂ

_4
o “mXﬁJroo ?
(1)
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L'Hospital’s rule
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L'Hospital’s rule

(1) , .
sin2x sin0 O
m — = — =

x—=0 X 0 _6 form
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L'Hospital’s rule

(1) , ,
sin2x B sin0 B 0

lim form

x—)OX_0_6

Applying LHobpital’s rule
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L'Hospital’s rule

(1) , ,
. sin2x sin0 0

lim = = —

x—0 X 0 0

Applying LHobpital’s rule

form

_sinex . & (sin2x)
lim = lim =————
x—=0 X x—0 ax (x)
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L'Hospital’s rule

(1)

. sin2x  sin0 0
lim = — = —form
x—0 X 0 0
Applying LHobpital’s rule
i sim2x 9 (sin2x)
x=0 X  x—0 d%l( (x)
. 2c082x
= lim ———
x—0 1
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L'Hospital’s rule

(1) , ,
. sin2x sin0 0
lim = — = — form
x—0 X 0 0
Applying LHobpital’s rule
= (sin2x
lim 512X _ i 7“5, )
x—=0 X x—0 ax (x)
. 2c082x
= ||m e—
x—0 1
=2cos(0) =2
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L'Hospital’s rule

(2)

1—sinx 1-sing 1-1
lim =
x—m/2 COSX cost/2 0
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L'Hospital’s rule

(2)

1—sinx 1-sing 1-1

lim = = form
x—m/2 COSX cost/2 0

ol o

Applying LHbpital’s rule
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L'Hospital’s rule

(2 , ,

1—sinx 1-sing 1-1 0
lim = = = — form
x—m/2 COSX cost/2 0 0
Applying LHbpital’s rule
1 — sinx 2 (1 - sinx)
lim — = m T d N
x—m/2  COSX x—=m/2 2 (CcOSX)
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L'Hospital’s rule

(2 , .
im 1-sinx 1-sing 1-1 0 form
x—m/2 cosx  cost/2 0 O
Applying LHbpital’s rule
o Aosinx 2 (1 — sinx)
x=m/2 COSX  x—m/2 & (cosx)
oy COSX

x—m/2 —8inX
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L'Hospital’s rule

(2 , ,
1—sinx 1-sing 1-1 0
lim = = = — form
x—m/2 COSX cost/2 0 0
Applying LHbpital’s rule
1 — sinx - & (1 — sinx)
m — = | - g,
x=m/2 COSX  x—m/2 & (cosx)
. —Cosx
= lim ——
x—m/2 —SINX
_ cosm/2
~ sinm/2
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L'Hospital’s rule

(2) . .
1—sinx 1-sing 1-1 0
lim = = = — form
x—m/2 COSX cost/2 0 0
Applying LHbpital’s rule
1—si g (1 — si
— sinx . g¢ (1 —sinx)
lim ———— = lim & —————
x—m/2 COSX x—m/2 £ (cosX)
. —cosx
= lim -
x—m/2 —S8INX
_ cosm/2
~ sinm/2
0
= — = 0
1
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L'Hospital’s rule

3)

x—»0 x3 0 0

Dr. G.H.J. Lanel MA1302 Engineering Mathematics | Lecture 1-Differentiation 49/66



L'Hospital’s rule

(3)
@11 _1-1 0
0 x5 0 0 0

Applying LHopital’s rule
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L'Hospital’s rule

(3)
oe-1 -1 1-1 0
0 x5 0 0 0

Applying LHopital’s rule
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L'Hospital’s rule

(3)
oe-1 -1 1-1 0
0 x5 0 0 0

Applying LHopital’s rule

d
lim e - = lim ﬁ(ex_w
x—0 X3 x—0 dl(x3)
e
— lim ——
XTO 3x2
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L'Hospital’s rule

(3)
. e -1 el —1 1-1
lim = = =

0
x—0 X8 0 0 0
Applying LHopital’s rule

X d (aX _
lim © ; = lim W
x—=0 X x—0 a(x3)
e
= lim —
x—0 3x2
= +Oo
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L'Hospital’s rule

4

. tanx tan0 O
lim = =

fanx:_ @t _ Y
- X2 o 0"
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L'Hospital’s rule

4

im tanx _ tan0 _ 0
x»0- X2 0 0

Applying LHopital’s rule

form
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L'Hospital’s rule

4

lim t‘aﬂ — @ — 9 form
x—0— X2 0 0
Applying LHopital’s rule
. tanx . Z(tanx)
lim —— = lim &= ———=

x=0- X2 x50- d(x2)
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L'Hospital’s rule

4

. tanx
||m T =
x—0- X
Applying LHopital’s rule
) tanx
Ilm T =
x—0— X

Dr. G.H.J. Lanel

MA1302 Engineering Mathematics |

—-Eﬁﬁz—-gibnn
0 0
o & (tanx)
x=0- & (x2)

. sec?x

= lim
x—0~ X
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L'Hospital’s rule

4

. tanx
||m T =
x—0- X
Applying LHopital’s rule
) tanx
Ilm T
x—0— X

Dr. G.H.J. Lanel

MA1302 Engineering Mathematics |

—-Eﬁﬁz—-gibnn
0 0
o & (tanx)
x=0- & (x2)
. sec?x

= lim
x—0~ X
= —00

Lecture 1-Differentiation
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L'Hospital’s rule

@ Indeterminate form of type oo/co
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@ Indeterminate form of type oo/co
f

A

%) in which the numerator has limit co and the

The Limit of a ratio, %)
imit oo is called an indeterminate form of type

denominator has th
00/00

_A
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@ Indeterminate form of type oo/co
f

A

%) in which the numerator has limit co and the

The Limit of a ratio, %)
imit oo is called an indeterminate form of type

denominator has th
00/00

_A

@ L’Hopital’s Rule for co/co
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L'Hospital’s rule

@ Indeterminate form of type oo/co

The Limit of a ratio, % in which the numerator has limit co and the

denominator has the limit co is called an indeterminate form of type
00/00
@ L’Hopital’s Rule for co/co

Suppose f and g are differentiable functions on an open interval
containing x = a, except possibly at, x = a and that
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L'Hospital’s rule

@ Indeterminate form of type oo/co

The Limit of a ratio, % in which the numerator has limit co and the

denominator has the limit co is called an indeterminate form of type
00/00

@ L’Hopital’s Rule for co/co

Suppose f and g are differentiable functions on an open interval
containing x = a, except possibly at, x = a and that

,l(@a f(x) = o0 and )!i;nag(x) = 0o
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L'Hospital’s rule

@ Indeterminate form of type oo/co

The Limit of a ratio, % in which the numerator has limit oo and the
denominator has the limit co is called an indeterminate form of type

00/00
@ L’Hopital’s Rule for co/co

Suppose f and g are differentiable functions on an open interval
containing x = a, except possibly at, x = a and that

)I(ﬂna f(x) = o0 and )I(gnag(x) =00
(x)
9'(x)

If limy_4 [ ] exists, or if this limit is 400 or — oo then
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L'Hospital’s rule

@ Indeterminate form of type oo/co

The Limit of a ratio, % in which the numerator has limit oo and the
denominator has the limit co is called an indeterminate form of type

00/00
@ L’Hopital’s Rule for co/co

Suppose f and g are differentiable functions on an open interval
containing x = a, except possibly at, x = a and that

)I(ﬂna f(x) = o0 and )I(gnag(x) =00
(x)
9'(x)

] exists, or if this limit is 400 or — oo then

m @ = lim F(x)
e g(x) ~ xtag(x)

If limy 4 [
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L'Hospital’s rule

@ Indeterminate form of type oo/co

The Limit of a ratio, % in which the numerator has limit oo and the
denominator has the limit co is called an indeterminate form of type

00/00
@ L’Hopital’s Rule for co/co

Suppose f and g are differentiable functions on an open interval
containing x = a, except possibly at, x = a and that

)I(ﬂna f(x) = o0 and )I(gnag(x) =00
If limy_a [;((’;))] exists, or if this limit is +00 or — oo then

0 _ . fx)

)!Lna g(x) B xina g’(x)
Moreover this statement is also true in the case of limits as
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L'Hospital’s rule

@ Indeterminate form of type oo/co

The Limit of a ratio, % in which the numerator has limit oo and the
denominator has the limit co is called an indeterminate form of type

00/00
@ L’Hopital’s Rule for co/co

Suppose f and g are differentiable functions on an open interval
containing x = a, except possibly at, x = a and that

)I(ﬂna f(x) = o0 and )I(gnag(x) =00
If limy_a [;((’;))] exists, or if this limit is +00 or — oo then

0 _ . fx)

)!Lna g(x) B xina g’(x)
Moreover this statement is also true in the case of limits as

X— a8 ,X—a",Xx — —ooorasx — +oo
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L'Hospital’s rule

E.g. In each part confirm that the limit is an indeterminate form of type
oo/oo and evaluate it using LHOPITALS rule.

Dr. G.H.J. Lanel MA1302 Engineering Mathematics | Lecture 1-Differentiation 52/66



L'Hospital’s rule

E.g. In each part confirm that the limit is an indeterminate form of type
oo/oo and evaluate it using LHOPITALS rule.

H X
Q limy_ 400 o
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L'Hospital’s rule

E.g. In each part confirm that the limit is an indeterminate form of type
oo/oo and evaluate it using LHOPITALS rule.

Q limy_ 400 %
Q i In(x)
IMx—0* Cse(x)
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L'Hospital’s rule

E.g. In each part confirm that the limit is an indeterminate form of type
oo/oo and evaluate it using LHOPITALS rule.

Q limy_ 400 %
Q i In(x)
IMx—0* Cse(x)
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L'Hospital’s rule

E.g. In each part confirm that the limit is an indeterminate form of type
oo/oo and evaluate it using LHOPITALS rule.

Q limy_ 400 %
Q i In(x)
IMx—0* Cse(x)

(1)
. X (0@
lim — = — =o0/o00 form
x—too €%  @®
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L'Hospital’s rule

E.g. In each part confirm that the limit is an indeterminate form of type
oo/oo and evaluate it using LHOPITALS rule.

Q limy_ 400 %
Q i In(x)
IMx—0* Cse(x)

(1)
_ X 00
lim — = — =o0/o00 form
x—+oo X ex

Applying LHopital’s rule
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L'Hospital’s rule

E.g. In each part confirm that the limit is an indeterminate form of type
oo/oo and evaluate it using LHOPITALS rule.

Q limy_ 400 %
Q i In(x)
IMx—0* Cse(x)

(1)
im 2 =2 oo/oo form
x——+oo eX ex
Applying LHopital’s rule
d
im 2= fm )
X—+oo eX X——+00 C%( (eX)

Dr. G.H.J. Lanel MA1302 Engineering Mathematics | Lecture 1-Differentiation 52/66



L'Hospital’s rule

E.g. In each part confirm that the limit is an indeterminate form of type
oo/oo and evaluate it using LHOPITALS rule.

Q limy_ 400 %
Q i In(x)
IMx—0* Cse(x)

(1) Y o
lim — = — =o0/o00 form
X—+oo X ex
Applying LHopital’s rule
d
£ (x
im X = i )
X—+o00 € X——400 o (eX)
— i 1
T xo oo
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L'Hospital’s rule

E.g. In each part confirm that the limit is an indeterminate form of type
oo/oo and evaluate it using LHOPITALS rule.

Q limy_ 400 %
Q i In(x)
IMx—0* Cse(x)

(1) Y o
lim — = — =o0/o00 form
X—+oo X ex
Applying LHopital’s rule
d
£ (x
im X = i )
X—+oco € X—~400 o (eX)
— i 1
T xo oo
=0
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L'Hospital’s rule

(2)
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L'Hospital’s rule

(2
In(x)  In(0)

X0+ csc(x)  csc(0)

= 0o/o0 form
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L'Hospital’s rule

(2
In(x)  In(0)

X0+ csc(x)  csc(0)

= 0o/o0 form

Applying LHobpital’s rule
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L'Hospital’s rule

(2
In(x)  In(0)

X0+ csc(x)  csc(0)

= 0o/o0 form
Applying LHobpital’s rule

. In(x) & (In(x))
lim = |lim AX————
x—0+t CSC(X) x—07t % (CSC(X))
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L'Hospital’s rule

(2
In(x)  In(0)

X0+ csc(x)  csc(0)

= 0o/o0 form
Applying LHobpital’s rule

i 00D ().

x—0+ csC(x)  x—0+ Z (cse(x))

x|=

= lim ———X
X0+ —csc(x)cot(x)
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L'Hospital’s rule

(2
In(x)  In(0)

X0+ csc(x)  csc(0)

= 0o/o0 form
Applying LHobpital’s rule

i 00D ().

x—0+ csC(x)  x—0+ Z (cse(x))

x|=

lim ———
X0+ —csc(x)cot(x)
= o0o/o0 form

Dr. G.H.J. Lanel MA1302 Engineering Mathematics | Lecture 1-Differentiation 53/66



L'Hospital’s rule

(2
In(x)  In(0)

X0+ csc(x)  csc(0)

= 0o/o0 form

Applying LHobpital’s rule

. In(x) & (In(x))
lim = |lim AX————
x—0+t CSC(X) x—07t % (CSC(X))

x|=

lim ———
X0+ —csc(x)cot(x)
= o0o/o0 form

Any additional application of LHopital’s rule will yield powers of 1; in the
numerator and expressions involving csc(x) and cot(x) in the
denominator.

Dr. G.H.J. Lanel MA1302 Engineering Mathematics | Lecture 1-Differentiation 53/66



L'Hospital’s rule

Rewriting last expression
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L'Hospital’s rule

Rewriting last expression

: sinx . sinx
lim | ——tfanx | = — lim —— lim tanx
x—0+ X x—0t X x—0t
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Rewriting last expression

: sinx . sinx
lim | ——tfanx | = — lim —— lim tanx
x—0+ X
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Rewriting last expression

: sinx . sinx
lim | ——tfanx | = — lim —— lim tanx
x—0+ X

Thus,
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Rewriting last expression
x—0+

: sinx . sinx
lim —Ttanx =— |lim —— |im fanx

Thus,
In(x)

lim — L =
X0+ csc(x)
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L'Hospital’s rule

The limit of an expression that has one of the forms
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The limit of an expression that has one of the forms

—o F(x) - g(x), F(x)99), £(x) — g(x), F(x) + g(x)
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L'Hospital’s rule

The limit of an expression that has one of the forms
f(x)
a(x)

is called and indeterminate form if the limits f(x) and g(x) individually
exert conflicting influences on the limit of the entire expression.

(x) - g(x), F(x)9%), £(x) — g(x), F(x) + g(x)
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L'Hospital’s rule

The limit of an expression that has one of the forms
f(x)
a(x)

is called and indeterminate form if the limits f(x) and g(x) individually
exert conflicting influences on the limit of the entire expression.

(x) - g(x), F(x)9%), £(x) — g(x), F(x) + g(x)

@ Indeterminate form of type 0 - c©
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L'Hospital’s rule

The limit of an expression that has one of the forms
f(x)
a(x)

is called and indeterminate form if the limits f(x) and g(x) individually
exert conflicting influences on the limit of the entire expression.

(x) - g(x), F(x)9%), £(x) — g(x), F(x) + g(x)

@ Indeterminate form of type 0 - c©

For example
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L'Hospital’s rule

The limit of an expression that has one of the forms
f(x)
a(x)

is called and indeterminate form if the limits f(x) and g(x) individually
exert conflicting influences on the limit of the entire expression.

(x) - g(x), F(x)9%), £(x) — g(x), F(x) + g(x)

@ Indeterminate form of type 0 - c©

For example

limy_ o+ XIn(x) = 0 - oo Indeterminate form
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L'Hospital’s rule

The limit of an expression that has one of the forms
f(x)
a(x)

is called and indeterminate form if the limits f(x) and g(x) individually
exert conflicting influences on the limit of the entire expression.

(x) - g(x), F(x)9%), £(x) — g(x), F(x) + g(x)

@ Indeterminate form of type 0 - c©

For example
limy_ o+ XIn(x) = 0 - oo Indeterminate form
On the other hand
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L'Hospital’s rule

The limit of an expression that has one of the forms
f(x)
a(x)

is called and indeterminate form if the limits f(x) and g(x) individually
exert conflicting influences on the limit of the entire expression.

(x) - g(x), F(x)9%), £(x) — g(x), F(x) + g(x)

@ Indeterminate form of type 0 - c©

For example
limy_ o+ XIn(x) = 0 - oo Indeterminate form
On the other hand

limy 100 VX (1 — x2) = +o00(—00) = —oo Not an indeterminate form
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L'Hospital’s rule

Indeterminate form of type 0 - co can sometimes be evaluated by
rewriting the product as a ratio, and then applying LHopital’s rule for
indeterminate form of type 0/0 or oo/oc.
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L'Hospital’s rule

Indeterminate form of type 0 - co can sometimes be evaluated by
rewriting the product as a ratio, and then applying LHopital’s rule for
indeterminate form of type 0/0 or oo/oc.

E.g. Evaluate
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L'Hospital’s rule

Indeterminate form of type 0 - co can sometimes be evaluated by
rewriting the product as a ratio, and then applying LHopital’s rule for
indeterminate form of type 0/0 or oo/oc.

E.g. Evaluate
Q@ /imy_o+xIn(x)
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L'Hospital’s rule

Indeterminate form of type 0 - co can sometimes be evaluated by
rewriting the product as a ratio, and then applying LHopital’s rule for
indeterminate form of type 0/0 or oo/oc.
E.g. Evaluate

Q@ /imy_o+xIn(x)

Q limy_,/4(1 — tanx)(sec2x)
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L'Hospital’s rule

Indeterminate form of type 0 - co can sometimes be evaluated by
rewriting the product as a ratio, and then applying LHopital’s rule for
indeterminate form of type 0/0 or oo/oc.
E.g. Evaluate

Q@ /imy_o+xIn(x)

Q limy_,/4(1 — tanx)(sec2x)
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L'Hospital’s rule

Indeterminate form of type 0 - co can sometimes be evaluated by
rewriting the product as a ratio, and then applying LHopital’s rule for
indeterminate form of type 0/0 or oo/oc.

E.g. Evaluate
Q@ /imy_o+xIn(x)
Q limy_,/4(1 — tanx)(sec2x)

1)
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L'Hospital’s rule

Indeterminate form of type 0 - co can sometimes be evaluated by
rewriting the product as a ratio, and then applying LHopital’s rule for
indeterminate form of type 0/0 or oo/oc.
E.g. Evaluate

Q@ /imy_o+xIn(x)

Q limy_,/4(1 — tanx)(sec2x)

(1)
xi% xin(x) =0 - (—o0)
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L'Hospital’s rule

Indeterminate form of type 0 - co can sometimes be evaluated by
rewriting the product as a ratio, and then applying LHopital’s rule for
indeterminate form of type 0/0 or oo/oc.

E.g. Evaluate
Q@ /imy_o+xIn(x)
Q limy_,/4(1 — tanx)(sec2x)

(1)
xi% xin(x) =0 - (—o0)

Rewriting
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L'Hospital’s rule

Indeterminate form of type 0 - co can sometimes be evaluated by
rewriting the product as a ratio, and then applying LHopital’s rule for
indeterminate form of type 0/0 or oo/oc.

E.g. Evaluate
Q@ /imy_o+xIn(x)
Q limy_,/4(1 — tanx)(sec2x)

(1)
I I =0-(—
Jim_ xin(x) =0 - (—o0)
Rewriting
_ . In(x)
I = | f
Xll>n8+xn(x) Jim 1 (c0/o0) form
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L'Hospital’s rule

Applying LHopital’s rule
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L'Hospital’s rule

Applying LHopital’s rule
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L'Hospital’s rule

Applying LHopital’s rule

In(x 9 (In(x
lim xin(x) = lim —— = lim dxj (1 )
x—0+ x—0+t = x—0+ —(7)
X ax \x
1
= lim 2
x—=0t —
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L'Hospital’s rule

Applying LHopital’s rule

In(x 9 (In(x
lim xin(x) = lim —— = lim dxj (X))
x—0+ x—0+t = x—0+ —(1)
X adx \x
1
= lim 2
x—=0t —
—x2
= lim
x—0+t X
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L'Hospital’s rule

Applying LHopital’s rule

lim xIn(x) = lim
x—07t x—0+t

. 5
>
p—
fla
—~
—
S
—~
>
N
o

=0t & ()

= lim =%
x—0t —

= lim —
x—0+t X

= lim (—x
Jim, (=)
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L'Hospital’s rule

Applying LHopital’s rule

lim xIn(x) = lim
x—07t x—0+t

=
~
N—r

lim
x—0+t

lim
x—0+
lim
x—0+

lim
x—0*t
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57/66



(2

G.H.J. Lanel MA1302 Engineering Mathematics | Lecture 1-Differentiation 58/66



(2

lim (1 — tanx)(sec2x) =0 - co
x—m/4
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(2

lim (1 — tanx)(sec2x) =0 - co
x—m/4

Rewriting
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L'Hospital’s rule

(2

lim (1 — tanx)(sec2x) =0 - co

x—m/4
Rewriting
1 —tan
lim (1 — tanx)(sec2x) = lim ﬁ
X—m/4 xX—m/4 Secox
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(2

lim (1 — tanx)(sec2x) =0 - co

x—m/4
Rewriting
1—
lim (1 — tanx)(sec2x) = lim ﬂ
X—m/4 xX—m/4 Secox
1 — tanx

- x_'>T/4 cos2x 0/0 form
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L'Hospital’s rule

(2)
lim (1 — tanx)(sec2x) =0 - co
x—m/4

Rewriting

1—
lim (1 — tanx)(sec2x) = lim ﬂ
X—m/4 xX—m/4 Secox

1 — tanx

- x_'>T/4 cos2x 0/0 form

Applying LHopital’s rule
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L'Hospital’s rule

(2
lim (1 — tanx)(sec2x) =0 - co
x—m/4
Rewriting
1—
lim (1 — tanx)(sec2x) = lim ﬂ
X—m/4 xX—m/4 Secox
= lim 1- tanx = 0/0 form
x—m/4 COS2X
Applying LHopital’s rule
1-— 4 (1 — tanx
lim (1 — tanx)(sec2x) = lim 1-tanx _ im M
X /4 x—m/4 COS2X  x—m/4 2 (cos2x)
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L'Hospital’s rule

(2
lim (1 — tanx)(sec2x) =0 - co
x—m/4
Rewriting
1—
lim (1 — tanx)(sec2x) = lim ﬂ
X—m/4 xX—m/4 Secox
= lim 1- tanx = 0/0 form
x—m/4 COS2X
Applying LHopital’s rule
1 - 4 (1 — tanx
lim (1 — tanx)(sec2x) = lim 1-tanx _ im M
X /4 x—m/4 COS2X  x—m/4 2 (cos2x)
—sec?x

= lim ———
x—m/4 —28IN2Xx
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L'Hospital’s rule

(2
lim (1 — tanx)(sec2x) =0 - co
x—m/4
Rewriting
1—
lim (1 — tanx)(sec2x) = lim ﬂ
X—m/4 xX—m/4 Secox
= lim 1- tanx = 0/0 form
x—m/4 COS2X
Applying LHopital’s rule
1-— 9 (1 — tanx
lim (1 — tanx)(sec2x) = lim 1-tanx _ im M
X /4 x—m/4 COS2X  x—m/4 2 (cos2x)
. —sec®x
x—m/4 —28Iin2X
 (sec)? 2_,

 2sin(3) 2
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L'Hospital’s rule

(2
lim (1 — tanx)(sec2x) =0 - co
x—m/4
Rewriting
1—
lim (1 — tanx)(sec2x) = lim ﬂ
X—m/4 xX—m/4 Secox
= lim 1- tanx = 0/0 form
x—m/4 COS2X
Applying LHopital’s rule
1-— 9 (1 — tanx
lim (1 — tanx)(sec2x) = lim 1-tanx _ im M
X /4 x—m/4 COS2X  x—m/4 2 (cos2x)
. —sec®x
x—m/4 —28Iin2X
 (sec)? 2_,

 2sin(3) 2
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L'Hospital’s rule

@ Indeterminate form of type co — oo
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@ Indeterminate form of type co — oo

A limit problem that leads to one of the expressions
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@ Indeterminate form of type co — oo

A limit problem that leads to one of the expressions

Q (+o0) — (+00)
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@ Indeterminate form of type co — oo

A limit problem that leads to one of the expressions
Q (+o0) — (+00)
Q (—o0) = ()

Dr. G.H.J. Lanel MA1302 Engineering Mathematics |

Lecture 1-Differentiation

59/66



@ Indeterminate form of type co — oo

A limit problem that leads to one of the expressions

Q (+o0) — (+00)
Q (—0) —(~00)
Q (+0) + (—00)
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L'Hospital’s rule

@ Indeterminate form of type co — oo

A limit problem that leads to one of the expressions

Q (+o0) — (+00)
Q (—0) —(~00)
Q (+0) + (—00)
Q (—00) + (+0)

Dr. G.H.J. Lanel
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@ Indeterminate form of type co — oo

A limit problem that leads to one of the expressions
Q (+x) — (+x)
Q (—00) — (—0)
Q (+0) + (—00)
Q (—00) + (+0)

is called an indeterminate form type co — oo
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@ Indeterminate form of type co — oo

A limit problem that leads to one of the expressions
Q (+x) — (+x)
Q (—00) — (—0)
Q (+0) + (—00)
Q (—00) + (+0)

is called an indeterminate form type co — oo

The limit problems that lead to one of the expressions
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@ Indeterminate form of type co — oo

A limit problem that leads to one of the expressions
Q (+x) — (+x)
Q (—00) — (—0)
Q (+0) + (—00)
Q (—00) + (+0)

is called an indeterminate form type co — oo

The limit problems that lead to one of the expressions
Q (+00) + (+0)
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@ Indeterminate form of type co — oo

A limit problem that leads to one of the expressions
Q (+x) — (+x)
Q (—00) — (—0)
Q (+0) + (—00)
Q (—00) + (+0)

is called an indeterminate form type co — oo

The limit problems that lead to one of the expressions
Q (+00) + (+0)
Q (+00) — (~o0)
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@ Indeterminate form of type co — oo

A limit problem that leads to one of the expressions
Q (+x) — (+x)
Q (—00) — (—0)
Q (+0) + (—00)
Q (—00) + (+0)

is called an indeterminate form type co — oo

The limit problems that lead to one of the expressions
Q (+o00)+ (+0)
Q (+00) — (—0)
Q (—o0) + (—0)
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@ Indeterminate form of type co — oo

A limit problem that leads to one of the expressions
Q (+x) — (+x)
Q (—00) — (—0)
Q (+0) + (—00)
Q (—00) + (+0)

is called an indeterminate form type co — oo

The limit problems that lead to one of the expressions
Q (+00) + (+0)

Q (+00) — (—0)
Q (—00) +(-0)
Q (—00) — (+)
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@ Indeterminate form of type co — oo

A limit problem that leads to one of the expressions
Q (+x) — (+x)
Q (—00) — (—0)
Q (+0) + (—00)
Q (—00) + (+0)

is called an indeterminate form type co — oo

The limit problems that lead to one of the expressions
Q (+00) + (+0)

Q (+00) — (—0)
Q (—0)+ (—)
Q (—00) — (+)

are not indeterminate, since two terms work together.
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L'Hospital’s rule

E.g. Evaluate
1 1

lim | - — —=—
x—0+ \ X  sinx
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L'Hospital’s rule

E.g. Evaluate
1 1

lim | - — —=—
x—0+ \ X  sinx
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L'Hospital’s rule

E.g. Evaluate
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L'Hospital’s rule

E.g. Evaluate

Rewriting
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L'Hospital’s rule

E.g. Evaluate

Rewriting

. 1 1 . sinx — x
im [-——— ) = lm | ———— | =
x—0+ \ X  Sinx x—0+ Xxsinx
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L'Hospital’s rule

Applying LHopital’s rule
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L'Hospital’s rule

Applying LHopital’s rule

. 1 1 . sinx — x
im (———— )= lim | ————
x—0t \ X SIinx x—0+ XSInx
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L'Hospital’s rule

Applying LHopital’s rule

. 1 1 . sinx — x
im (———— )= lim | ————
x—0t \ X SIinx x—0+ XSInx

i & (sinx — x)
x=0t \ 2 (xsinx)

Dr. G.H.J. Lanel MA1302 Engineering Mathematics | Lecture 1-Differentiation 61/66



L'Hospital’s rule

Applying LHopital’s rule

. 1
Iim [ — — —
x—0t \ X

Dr. G.H.J. Lanel

= |im
x—0+

1 sinx — x

" = 1im —
sinx x—0+ \_ XSinx
& (sinx — x)

a
dx

(xsinx)

. cosx — 1
= ||m T —
x—0+ \ Sinx 4+ xcosx
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Lecture 1-Differentiation

61/66



L'Hospital’s rule

Applying LHopital’s rule

. 1 1 . sinx — x
im (———— )= lim | ————
x—0t \ X SIinx x—0+ XSInx

i & (sinx — x)
x=0t \ 2 (xsinx)

. cosx — 1
= ||m T —
x—0+ \ Sinx 4+ xcosx

=0/0 form
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L'Hospital’s rule

Again Applying LHépital’s rule
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L'Hospital’s rule

Again Applying LHépital’s rule

(1_1) i 4 (cosx — 1)

x sinx)  x=0+ \ & (sinx + xcosx)

lim
x—0+

Dr. G.H.J. Lanel MA1302 Engineering Mathematics | Lecture 1-Differentiation 62/66



L'Hospital’s rule

Again Applying LHépital’s rule

d
lim (1 — 1) = lim g (cOSX — 1)
x>0t \x  sinx ) x=0t \ & (sinx + xcosx)

i —sinx
= 11m <
x—0+ \ COSX — XSinx 4+ cosx
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L'Hospital’s rule

Again Applying LHépital’s rule

d
lim (1 — 1) = lim g (cOSX — 1)
x>0t \x  sinx ) x=0t \ & (sinx + xcosx)

i —sinx
At <cosx — Xxsinx + cosx>
—sin0
cos0 — 0sin0 + cos0
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L'Hospital’s rule

Again Applying LHépital’s rule

d
lim (1 — 1) = lim g (cOSX — 1)
x>0t \x  sinx ) x=0t \ & (sinx + xcosx)

i —sinx
= 11m <
x—0+ \ COSX — XSinx 4+ cosx

B —sin0

~ cos0 — 0sin0 + cos0
B 0

T 1-0+1

Dr. G.H.J. Lanel MA1302 Engineering Mathematics | Lecture 1-Differentiation 62/66



L'Hospital’s rule

Again Applying LHépital’s rule

d
lim (1 — 1) = lim g (cOSX — 1)
x>0t \x  sinx ) x=0t \ & (sinx + xcosx)

i —sinx
= 11m <
x—0+ \ COSX — XSinx 4+ cosx

B —sin0

~ cos0 — 0sin0 + cos0
B 0

T 1-0+1

=0
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L'Hospital’s rule

@ Indeterminate forms of type 0°, cc?, 1>°
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L'Hospital’s rule

@ Indeterminate forms of type 0°, cc?, 1>°

Limits of the form
lim f(x)g™)

can give rise to indeterminate forms of the types 0°, oc® and 1
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L'Hospital’s rule

@ Indeterminate forms of type 0°, cc?, 1>°

Limits of the form
lim f(x)g™)

can give rise to indeterminate forms of the types 0°, oc® and 1
E.g.
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L'Hospital’s rule

@ Indeterminate forms of type 0°, cc?, 1>°

Limits of the form
lim f(x)g™)

can give rise to indeterminate forms of the types 0°, oc® and 1

E.g. 1
lim (14 x)x (1°°) form

x—0+

pause It is indeterminate because the expressions 1 + x and } gives 1
and oo respectively. Two conflicting influences. Such inderminate form
can be evaluated by first introducing a dependent variable
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Limits of the form
lim f(x)g™)
can give rise to indeterminate forms of the types 0°, oc® and 1

E.g. 1
lim (14 x)x (1°°) form

x—0+

pause It is indeterminate because the expressions 1 + x and } gives 1
and oo respectively. Two conflicting influences. Such inderminate form
can be evaluated by first introducing a dependent variable

y = 1(x)o
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L'Hospital’s rule

@ Indeterminate forms of type 0°, cc?, 1>°
Limits of the form
lim f(x)g™)
can give rise to indeterminate forms of the types 0°, oc® and 1
E.g.
lim (1 +x)% (1°°) form

x—0+

pause It is indeterminate because the expressions 1 + x and } gives 1
and oo respectively. Two conflicting influences. Such inderminate form
can be evaluated by first introducing a dependent variable

y = 1(x)o
In(y) = In(f(x)?)
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L'Hospital’s rule

@ Indeterminate forms of type 0°, cc?, 1>°
Limits of the form
lim f(x)g™)
can give rise to indeterminate forms of the types 0°, oc® and 1
E.g.
lim (1 +x)% (1°°) form

x—0+

pause It is indeterminate because the expressions 1 + x and } gives 1
and oo respectively. Two conflicting influences. Such inderminate form
can be evaluated by first introducing a dependent variable

y = 1(x)o
In(y) = In(f(x)?)
= gOx).In(f(x)
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L'Hospital’s rule

@ Indeterminate forms of type 0°, cc?, 1>°
Limits of the form
lim f(x)g™)
can give rise to indeterminate forms of the types 0°, oc® and 1

E.g. 1
lim (14 x)x (1°°) form

x—0+

pause It is indeterminate because the expressions 1 + x and } gives 1
and oo respectively. Two conflicting influences. Such inderminate form
can be evaluated by first introducing a dependent variable

y = 1(x)o
In(y) = In(f(x)?)
= gOx).In(f(x)

The limit of In(y) will be an indeterminate form of type 0 - oo
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L'Hospital’s rule

E.g.
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L'Hospital’s rule

E.g. 1
lim(1+x)x =e Note: a = e*In(a)
x—0
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L'Hospital’s rule

E.g. 1
lim(1+x)x =e Note: a = e*In(a)
x—0

Lety = (1 +x)5
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L'Hospital’s rule

E.g. 1
lim(1+x)x =e Note: a = e*In(a)
x—0

Lety = (1 +x)5

In(y) = In(1 +x)% = In(y) = 1;In(1 + X)
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L'Hospital’s rule

E.g. 1
lim(1+x)x =e Note: a = e*In(a)
x—0

Lety = (1 +x)5

In(y) = In(1 +x)% = In(y) = 1;In(1 + X)

lim Iny = lim n(1 +x) _ In(1 +0)

x—0 x—0 X N 0

(0/0 form)
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L'Hospital’s rule

Applying LHbpital’s rule,

1
: : 1+x
lim Iny = lim
x—0 y x—0 1
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L'Hospital’s rule

Applying LHbpital’s rule,

1

lim Iny = lim 15X
xino y XT;]O 1
1

= |l = 1
x—=01+Xx
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L'Hospital’s rule

Applying LHbpital’s rule,

1

lim Iny = lim 15X
xino y XT;]O 1
1

= |l = 1
x—=01+Xx

In(y) »1asx—0
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L'Hospital’s rule

Applying LHbpital’s rule,

1

lim Iny = lim 15X
xino y XT;]O 1
1

= |l = 1
x—=01+Xx

In(y) »1asx—0

= ") 5 ' asx -0
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L'Hospital’s rule

Applying LHbpital’s rule,

1

lim Iny = lim X
xino y XT;]O 1
1
=1
x—0 1+ Xx

In(y) »1asx—0

= ey 5 e'asx -0
=y—easx—0
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L'Hospital’s rule

Applying LHbpital’s rule,

1

lim Iny = lim X
xino y XT;]O 1
1
=1
x—0 1+ Xx

In(y) »1asx—0

= ey 5 e'asx -0
=y—easx—0

Thus
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L'Hospital’s rule

Applying LHbpital’s rule,

1

lim Iny = lim 13X
xino ny XT;]O 1
= lim =1
x—0 1+ Xx
In(y) »1asx—0
= ") 5 ' asx -0
=y—easx—0
Thus ,
lim(1+x)x=e
x—0
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L'Hospital’s rule
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